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MINIMAL RAYS ON SURFACES
OF GENUS GREATER THAN ONE
– PART II
JAN PHILIPP SCHRO¨DER
Abstract. We consider any Finsler metric on a closed, orientable sur-
face of genus greater than one. H. M. Morse proved that we can associate
an asymptotic direction to minimal rays in the universal cover (in the
Poincare´ disc: a point on the unit circle). We prove here that, if two
minimal rays have a common asymptotic direction, which is not a fixed
point of the group of deck transformations, then the two rays can inter-
sect at most in a common initial point. This has strong consequences
for the structure of the set of minimal geodesics, as well as for the set
of Busemann functions associated to the Finsler metric.
1. Introduction and main results
Let us introduce the relevant objects. Let M be a closed, orientable
surface of genus > 1 and X its universal cover. On M , there exists a (hy-
perbolic) Riemannian metric g of constant curvature −1, which can be lifted
to X, making (X, g) isometric to the Poincare´ disc model of the hyperbolic
plane, i.e.
X = {z ∈ C : |z| < 1}, gz(v, w) = 4 · (1− |z|2)−2 〈 v, w 〉,
writing 〈., .〉, |.| for the euclidean inner product and its norm in C. The
distance induced by g on X will be denoted by dg. We write Γ ⊂ Iso(X, g)
for the group of deck transformations τ : X → X with respect to the covering
X →M = X/Γ, which extend to naturally to S1. Let us write
Fix(Γ) = {ξ ∈ S1 | ∃τ ∈ Γ− {id} : τξ = ξ}.
The g-geodesics γ in X are circle segments meeting the “boundary at infin-
ity” S1 = {z ∈ C : |z| = 1} orthogonally; the endpoints of γ are denoted
by γ(−∞), γ(∞) ∈ S1. Let G be the set of all oriented, unparametrized
g-geodesics γ ⊂ X. Recall that any τ ∈ Γ − {id} has exactly two distinct
fixed points in S1, which are connected by a unique g-geodesic γ ∈ G being
invariant under τ , τγ = γ; we will call γ the axis of τ .
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2 J. P. SCHRO¨DER
We consider any Finsler metric F : TX → R, which is assumed to be
invariant under Γ (i.e. being the lift of a Finsler metric on M). We write
SX = {F = 1} ⊂ TX and cv : R → X for the geodesic with respect to
F defined by c˙v(0) = v. We are interested in rays and minimal geodesics
(with respect to F ), that is F -geodesics c : [0,∞) → X, c : R → X,
respectively that, in the universal cover X of M , minimize the F -length
between any of their points. Often, the first step towards understanding
the geodesic flow of F is to study the minimal geodesics – their behavior is
to some extend prescribed by the topology of the underlying manifold and
hence minimal geodesics form a basic framework for all geodesics; moreover,
since the geodesic flow is defined in terms of local minimizers a variational
problem, it is natural to first study the global minimizers of the problem.
In 1924, H. M. Morse [Mor24] studied the global behavior of minimal
geodesics on M and proved two theorems, which we recall now.
Theorem 1.1 (Morse [Mor24]). In the notation above, rays and minimal
geodesics in (X,F ) tend to ±∞ in tubes around g-geodesics γ ∈ G of finite
width D, where D is a constant depending only on F and g. In particular,
rays c : [0,∞)→ X have a well-defined endpoint c(∞) ∈ S1.
For ξ ∈ S1 and γ ∈ G set
R+(ξ) := {v ∈ SX | cv : [0,∞)→ X is a ray, c(∞) = ξ},
M(γ) := {v ∈ SX | cv : R→ X is a minimal geodesic, c(±∞) = γ(±∞)}.
Hence, any F -ray inX belongs to someR+(ξ), while any F -minimal geodesic
belongs to some M(γ). Conversely, we have M(γ) 6= ∅ for all γ ∈ G and
R+(ξ) projects to all of X for all ξ ∈ S1.
The second theorem clarifies the structure of some of the sets R+(ξ) for
fixed ξ ∈ S1. If τ ∈ Γ− {id} has as its axis some γ ∈ G and if ξ = γ(∞) ∈
Fix(Γ) is the corresponding fixed point of τ , then the structure of R+(ξ)
can be described as follows, cf. Figure 1. Let us write
Mper(γ) := {v ∈M(γ) : τcv(R) = cv(R)}.
Theorem 1.2 (Morse [Mor24]). If τ ∈ Γ and if γ ∈ G is the axis of τ
with endpoint ξ := γ(∞) ∈ Fix(Γ), then Mper(γ) 6= ∅. Moreover, no ray
from R+(ξ) −Mper(γ) can intersect any minimal geodesic from Mper(γ)
and every ray in R+(ξ) is asymptotic near +∞ to some minimal geodesic
from Mper(γ). All minimal geodesics in M(γ) −Mper(γ) are heteroclinic
between a pair of neighboring periodic minimal geodesics in Mper(γ).
Note that in the last statement of Theorem 1.2, we implicitly exclude any
minimal geodesic in M(γ) to be homoclinic to a single periodic minimal
geodesic inMper(γ). In particular, ifMper(γ) consists of only one geodesic,
then M(γ) =Mper(γ).
Let us remark that in 1932, G. A. Hedlund [Hed32] proved results anal-
ogous to Theorems 1.1 and 1.2 for the case of a genus 1 surface, i.e. the
MINIMAL RAYS ON SURFACES – PART II 3
Figure 1. The structure of R+(ξ) in X ⊂ C in Theorem
1.2 for ξ ∈ Fix(Γ) ⊂ S1. Minimal rays with respect to F are
depicted in black, their corresponding g-geodesics in gray. γ
is the axis of τ and the two arrows show a pair of τ -invariant
minimal geodesics in Mper(γ).
2-torus T2 = R2/Z2. Here the minimal geodesics and rays move along
straight euclidean lines in the universal cover X = R2 and hence also here
we can define the sets R+(ξ) with ξ ∈ S1, c(∞) = ξ being the direction of
the accompanying line. Then for ξ ∈ S1 with rational slope – that is “fixed
points” of Z2 – the set R+(ξ) has the analogous structure as in the case of
genus > 1 in Theorem 1.2, the difference being that, as a set, Mper(γ) is
Z2-invariant, while for genus > 1 it is only τ -invariant.
Later, in 1988, V. Bangert [Ban88] proved moreover, that the sets R+(ξ)
with ξ ∈ S1 of irrational slope have a rather simple structure: the rays in
R+(ξ) can intersect at most in common initial points and the set of mini-
mal geodesic with a fixed irrational slope contains no intersecting minimal
geodesics in R2 (in fact, not even in T2).
The results of Hedlund and Bangert together give a complete picture of
the structure of all rays in the case of the torus. Returning to the case
of genus > 1, what is left open in understanding the structure of all rays
is the structure of the sets R+(ξ) with ξ /∈ Fix(Γ). Building on our work
from [Sch14b], we will prove here the following theorem.
Main Theorem 1.3. If ξ ∈ S1 − Fix(Γ), then
lim inf
t→∞ dg(cv(R), cw(t)) = 0 ∀v, w ∈ R+(ξ).
Hence, any two rays in R+(ξ) with ξ /∈ Fix(Γ) will approach each other
at some points near +∞.
Remark 1.4. It was previously known [CS14], that if F is a Riemannian
metric on M with non-positive curvature K ≤ 0, then any flat strip in X,
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i.e. an isometrically embedded euclidean strip
(R× [0, a], 〈., .〉euc) ↪→ (X,F ), a > 0,
is periodic, i.e. bounded by two axes of some non-trivial τ ∈ Γ − {id}. All
other flat strips in such a non-positively curved surface have to be “thin”
in the ends near ±∞. Main Theorem 1.3 is a generalization of this fact to
general Finsler metrics on M .
Main Theorem 1.3 has a series of corollaries.
Corollary 1.5. If ξ ∈ S1 − Fix(Γ) and if v, w ∈ R+(ξ) with cw(0) = cv(a)
for some a > 0, then cw(t) = cv(t+ a).
Hence two rays with a common asymptotic direction not in Fix(Γ) can in-
tersect at most in a common initial point, which is analogous to V. Bangert’s
result in the case of the 2-torus.
One of our original motivations to prove Corollary 1.5 was to obtain the
following theorem. We write pr(M) for the projection of the set M =⋃{M(γ) : γ ∈ G} of all minimal geodesics into the F -unit tangent bundle of
M , BF (x, r) ⊂ X is the F -ball of radius r, centered at any x in the universal
cover X. Let us denote the geodesic flow of F by φtF : SX → SX.
Theorem 1.6 (cf. [GKOS14]). If M is a closed surface and g is any Rie-
mannian metric on M , then
htop(φ
t
g|pr(M)) = h(g) := limr→∞
1
r
log volg Bg(x, r).
Here, htop(φ
t
g|pr(M)) denotes the topological entropy of the restricted ge-
odesic flow φtg : pr(M) → pr(M); h(g) is often called volume growth of
(M, g). Note that, for general closed Riemannian manifolds, one has the
following estimate, cf. Theorem 9.6.7 in [KH96]:
htop(φ
t
g|pr(M)) ≥ h(g).
Although Theorem 1.6 was proved by slightly different means, one can derive
the following strengthening of Theorem 1.6, using Corollary 1.5.
Corollary 1.7. For all γ ∈ G, the topological entropy of φtF :M(γ)→M(γ)
vanishes, i.e. htop(φ
t
F |M(γ)) = 0.
To describe the structure of R+(ξ) further, write
dF (x, y) := inf{
∫ 1
0 F (c˙)dt | c : [0, 1]→ X C1, c(0) = x, c(1) = y}
for the F -distance between x, y ∈ X. For a sequence {xn} ⊂ X and ξ ∈ S1
we shall write xn → ξ, if this is true in the euclidean metric in C ⊃ X ∪ S1.
Fixing any “origin” o ∈ X, the set of horofunctions H+(ξ) of direction ξ is
the set of all possible C0loc limit functions u : X → R of sequences
un(x) = dF (o, xn)− dF (x, xn), where xn → ξ.
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Corollary 1.8. If ξ ∈ S1 −Fix(Γ), then the set H+(ξ) consists of precisely
one horofunction. Hence, for all sequences xn → ξ, the sequence of functions
dF (o, xn)− dF (., xn) converges in C0loc to the unique function u ∈ H+(ξ).
One can describe the set R+(ξ) in terms of the horofunctions in H+(ξ).
From Corollary 1.8, we obtain the following strengthening of Corollary 1.5.
Corollary 1.9. If ξ ∈ S1 − Fix(Γ), then for all ε > 0 the set φεF (R+(ξ)) ⊂
SX is locally a Lipschitz graph over its projection in X.
Next, let us observe that most sets M(γ) are not very big.
Corollary 1.10. For all ξ ∈ S1, there exists a countable set A ⊂ S1, such
that M(γ) consists of only one minimal geodesic for all γ ∈ G connecting a
point in S1 −A to ξ.
Given some direction ξ+ ∈ X, then any point x ∈ X determines a unique
ξ− ∈ S1 as follows.
Corollary 1.11. If x ∈ X and ξ ∈ S1, then there exists a unique γ ∈ G
with γ(∞) = ξ, such that x lies in the closed strip between a pair of (not
necessarily distinct) minimal geodesics from M(γ).
We proved that certain behavior of minimal geodesics (in particular: in-
tersecting minimal geodesics) in M(γ) occurs only for axes γ ∈ G. As it
turns out, the existence of such behavior is very exceptional. To be more pre-
cise, let us recall the following special case of the main result from [Sch14c],
writing
E := {f : M → R | f is C∞, f(x) > 0 ∀x ∈M}.
Theorem 1.12 (cf. [Sch14c]). Given any Finsler metric F on the surface
M , there exists a residual subset OF ⊂ E (i.e. a countable intersection
of open and dense sets) in the C∞ topology, such that for the conformally
perturbed Finsler metrics f · F with f ∈ OF , in any free homotopy class M
there exists precisely one shortest closed geodesic with respect to f · F .
Hence, for the conformally generic Finsler metrics, that is Finsler metrics
f · F with f ∈ OF , the sets Mper(γ) in Theorem 1.2 consist of only one
minimal geodesic. We obtain the following corollary.
Corollary 1.13. If F is conformally generic, then the statements of Main
Theorem 1.3 and of Corollaries 1.5, 1.8 and 1.9 are true for all ξ ∈ S1.
Note, that in the case of the 2-torus, the Z2-invariance of the setsMper(γ)
discussed above leads to a quite different picture for generic Finsler metrics:
Here, generic Finsler metrics admit many horofunctions and intersecting
minimal geodesics for every rational direction ξ ∈ S1.
We close the introduction with two remarks.
Remark 1.14. Differently from what happens on the torus (recall the ex-
amples of Riemannian metrics on T3 due to G. A. Hedlund [Hed32]), some
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of our techniques work also in higher dimensions. In particular, Theorem 1.1
continues to hold [Kli71]. Here the setting is a closed Riemannian manifold
(M, g), such that g has everywhere negative sectional curvatures, and then
considering an arbitrary Finsler metric F on M . This, however, is a topic
for future research.
Another way of generalizing our results is to consider non-compact sur-
faces. It seems very likely to us that under suitable conditions, our main
results and arguments continue to work without much alteration, e.g., for
Finsler metrics on complete hyperbolic surfaces of finite volume such as the
once-punctured torus.
Remark 1.15. Another novelty in this paper, compared to the work of
Morse, is the use of Finsler instead of Riemannian metrics. It was observed
by E. M. Zaustinsky [Zau62], that the results of Morse carry over to these
much more general systems. Moreover, it is known that Finsler metrics can
be used to describe the dynamics of arbitrary Tonelli Lagrangian systems in
high energy levels, cf. [CIPP98]. Let us remark that also in the torus case,
all results carry over to general Finsler metrics (hence Tonelli Lagrangian
systems), cf. [Zau62] and [Sch14a].
Structure of this paper. This paper continues earlier work [Sch14b],
where we began to study the dynamics of minimal rays of a Finsler metric
on a closed orientable surface of genus at least two. Hence, we refer to
[Sch14b] for some proofs. In Section 2 we recall known facts on rays and
minimal geodesics in surfaces of higher genus, including some material on
horofunctions. Section 3 is devoted to the proof of Main Theorem 1.3, with
Subsection 3.1 containing the proofs of its corollaries.
2. Basics on minimal geodesics in surfaces of higher genus
We write pi : TX → X for the canonical projection, 0X denotes the zero
section and TxX = pi
−1(x) the fibers. The norm and distance of g on X
are denoted by |.|g, dg, respectively. Let us recall the definition of a Finsler
metric and refer to [BCS00] for basics on Finsler geometry. The reader
unfamiliar with Finsler geometry can without much loss think of a Finsler
metric as the norm coming from some Riemannian metric.
Definition 2.1. A function F : TX → [0,∞) is a Finsler metric on X, if
the following conditions are satisfied:
(1) (smoothness) F is C∞ in TX − 0X ,
(2) (positive homogeneity) F (λv) = λF (v) for all v ∈ TX, λ ≥ 0,
(3) (strict convexity) the fiberwise Hessian Hess(F 2|TxX) of the square
F 2 is positive definite at every vector v ∈ TxX − {0}, for all x ∈ X.
We will for the rest of the paper fix the Finsler metric F and assume that
F is Γ-invariant, meaning that the g-isometries τ ∈ Γ are also F -isometries:
F (dτ(v)) = F (v) ∀v ∈ TX, τ ∈ Γ.
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As a consequence of the compactness of M , the Finsler metric F is uniformly
equivalent to the norm of g, i.e. there exists a constant cF > 0, such that
1
cF
· F ≤ |.|g ≤ cF · F.
Notation 2.2. We will often drop the dependence of F of objects that are
defined with respect to F ; e.g. geodesics will refer to F -geodesics. We will
always denote g-geodesics by γ, γn etc., while F -geodesics will be termed c, cn
etc..
We write SX = {v ∈ TX : F (v) = 1} for the unit tangent bundle of
F . The geodesic flow φtF : SX → SX of F is given by φtF v = c˙v(t), where
cv : R→ X is the F -geodesic with initial velocity c˙v(0) = v. We write
lF (c) =
∫ b
a
F (c˙)dt
for the F -length of absolutely continuous (Cac) curves c : [a, b]→ X and
dF (x, y) = inf{lF (c) | c : [0, 1]→ X Cac, c(0) = x, c(1) = y}
for the F -distance. Note that if F is not reversible, i.e. if not F (λv) =
|λ|F (v) for all λ ∈ R, we have dF (x, y) 6= dF (y, x) in general.
Definition 2.3. A Cac curve segment c : [a, b]→ X is said to be minimal, if
lF (c) = dF (c(a), c(b)). Curves c : [0,∞)→ X, c : (−∞, 0]→ X, c : R→ X
are called forward rays, backward rays, minimal geodesics, respectively, if
each restriction c|[a,b] is a minimal segment. Set
R− := {v ∈ SX : cv : (−∞, 0]→ X is a backward ray},
R+ := {v ∈ SX : cv : [0,∞)→ X is a forward ray},
M := {v ∈ SX : cv : R→ X is a minimal geodesic}.
We will in this paper mainly be concerned with forward rays, the results
for backward rays being completely analogous. The sets R−,R+ andM are
φtF -invariant for t < 0, t > 0, t ∈ R, respectively. Moreover, all sets in the
above definition are closed subsets of SX and (when seen in the quotient
SM) the α-, ω-limit sets of R−,R+, respectively, are contained in M.
The following lemma is a key property of rays. It excludes in particular
successive intersections of rays and shows that asymptotic rays can cross
only in a common initial point. The idea of the proof is classical and can be
found e.g. in [Sch14a], Lemma 2.20.
Lemma 2.4. Let v, w ∈ R+ with piw = cv(a) for some a > 0, but w 6= c˙v(a).
Then for all δ > 0
inf{dg(cv(s), cw(t)) : s ∈ [a,∞), t ∈ [δ,∞)} > 0.
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2.1. Asymptotic directions of minimal rays. The following theorem
due to H. M. Morse, which we already loosely stated as Theorem 1.1 in
the introduction and call the Morse Lemma, is the starting point for our
work. The fact that the Morse Lemma also holds in the Finsler case was
first observed by E. M. Zaustinsky [Zau62]. From now on we use the fact
that M carries a Riemannian metric g of strictly negative curvature.
Theorem 2.5 (Morse Lemma [Mor24]). There exists a constant D ≥ 0
depending only on F, g with the following property: For any two points x, y ∈
X, any F -minimal segment c : [0, 1]→ X with c(0) = x, c(1) = y satisfies
max
t∈[0,1]
dg(γx,y, c(t)) ≤ D,
where γx,y ⊂ X is the unique g-geodesic segment from x to y.
As in the introduction, we write G for the set of all oriented, unparame-
trized g-geodesics γ ⊂ X. We can think of G as S1 × S1 − diag, associating
to γ ∈ G its pair of endpoints (γ(−∞), γ(∞)) on S1, where
γ(±∞) = lim
t→±∞ γ(t) in the euclidean sense in C ⊃ X.
If c : [0,∞)→ X is a ray (with respect to F ) and Tn →∞, we let γn be
the sequence of g-geodesic segments from c(0) to c(Tn). Then γn converges
to a unique g-ray γ : [0,∞) → X (convergence in the sense of initial veloc-
ities), independently of the choice of Tn, and we write c(∞) := γ(∞). The
uniqueness follows easily from the Morse Lemma and the fact that differ-
ent g-rays initiating from c(0) diverge in X due to negative curvature of g.
Moreover, if γ : R→ X is a g-geodesic, we find a convergent subsequence of
F -minimal segments from γ(−n) to γ(n), which yields a minimal geodesic
c : R→ X with c(±∞) = γ(±∞). In this way we see that the Morse Lemma
holds equally well for points x 6= y in X ∪ S1. Furthermore, it is easy to
show for vn, v ∈ R±, that
vn → v in SX =⇒ cvn(±∞)→ cv(±∞) in S1.
Definition 2.6. For ξ ∈ S1 and γ ∈ G we set
R±(ξ) := {v ∈ R± : cv(±∞) = ξ},
M(γ) := {v ∈M : cv(−∞) = γ(−∞) and cv(∞) = γ(∞)}.
Hence, by the discussion above, we have
R± =
⋃{R±(ξ) : ξ ∈ S1}, M = ⋃{M(γ) : γ ∈ G}.
As observed already by Morse [Mor24], in eachM(γ) there are two partic-
ular minimal geodesics, which we call the bounding geodesics of M(γ). We
give the proof here to indicate that it holds equally well for general Finsler
metrics.
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Lemma 2.7 (bounding geodesics). For all γ ∈ G, there are two particular,
non-intersecting, minimal geodesics c0γ , c
1
γ in M(γ), such that all minimal
geodesics in M(γ) lie in the strip in X bounded by c0γ(R) and c1γ(R).
Moreover, if S ⊂ X is the closed strip between c0γ , c1γ, then any ray c :
[0,∞) → X initiating in S with c(∞) = γ(∞) lies eventually in S, i.e.
there exists T ≥ 0 with c[T,∞) ⊂ S. The analogous statement holds for
backward rays with c(−∞) = γ(−∞).
As a rule, we will always assume that c1γ lies left of c
0
γ with respect to the
orientation of γ.
Proof. Let γn ⊂ X be a sequence of g-geodesics with γn ∩ γ = ∅ in X ∪ S1
(i.e. also the endpoints on S1 are disjoint) and such that γn(±∞)→ γ(±∞).
Let us assume that γn lie left of γ. If cn is a sequence of minimal geodesics
in M(γn), then by minimality no cn can intersect any minimal geodesic
fromM(γ) and hence, we find a unique limit minimal geodesic c1γ inM(γ).
Analogously one obtains c0γ . By construction, c
i
γ do not intersect, since their
defining sequences do not intersect.
Suppose c : [0,∞) → X is a ray with e.g. c(0) ∈ S and c(∞) = γ(∞),
but c[T,∞) 6⊂ S for all T ≥ 0. We then find tn → ∞ with c(tn) /∈ S, e.g.
lying left of c1γ , while c(tn)→ γ(∞). Thus, if cn → c1γ as in the construction
of c1γ , we obtain by the asymptotic behavior successive intersections of cn
with c for large n, contradicting minimality. 
2.2. Horofunctions. We introduce in this subsection a useful class of func-
tions u : X → R, which is naturally associated to the Finsler metric F . It
has been studied in various situations in the literature, in particular in the
setting of Hadamard manifolds. Let us fix any “origin” o ∈ X. For a se-
quence xn ∈ X with xn → ξ ∈ S1 (in the euclidean sense), any C0loc limit
u ∈ C0(X) of the sequence of functions
x 7→ dF (o, xn)− dF (x, xn)
is called a horofunction of direction ξ ∈ S1. The set of all horofunctions of
direction ξ will be denoted by
H+(ξ) := {u ∈ C0(X) | ∃xn → ξ : u = lim dF (o, xn)− dF (., xn)}
and we set
H+ :=
⋃{H+(ξ) : ξ ∈ S1}.
Lemma 2.8. If xn ∈ X with xn → ξ ∈ S1, then the sequence of functions
dF (o, xn)−dF (., xn) : X → R has C0loc limit functions u ∈ C0(X). Moreover,
any so obtained function u ∈ H+(ξ) has the following two properties:
(1) u(y)− u(x) ≤ dF (x, y) for all x, y ∈ X,
(2) for all x ∈ X there exists a forward ray c : [0,∞)→ X with c(0) = x,
c(∞) = ξ, F (c˙) = 1 and u(c(t))− u(x) = t for all t ∈ [0,∞).
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The proof of Lemma 2.8 can be found as Lemma 3.5 in [Sch14b].
For u ∈ H+ we will write
J+(u) := {v ∈ SX : u ◦ cv(t)− u ◦ cv(0) = t ∀t ≥ 0}.
It follows from property (1) in Lemma 2.8, that J+(u) ⊂ R+; property (2)
shows pi(J+(u)) = X. Moreover, property (1) and the uniform equivalence
of F and g show that u ∈ H+ is Lipschitz with respect to dg,
|u(x)− u(y)| ≤ cF · dg(x, y) ∀u ∈ H+, x, y ∈ X.
The following lemma is well-known; indications to the proof can be found
in Lemma 3.2 in [Sch14b]. If u : X → R is differentiable in x ∈ X, write
gradF u(x) := L−1F (du(x)), where LF (v) =
1
2
dvF
2(v) ∈ T ∗pivX ⊂ T ∗X.
Here dv denotes differentiation along the fiber, LF : TX → T ∗X is the
Legendre transform associated to F . Note that if F is Riemannian, then
gradF u is the usual gradient.
Lemma 2.9. Let u ∈ H+. Then for all ε > 0, u is differentiable in
piφεF (J+(u)). If u is differentiable in x ∈ X, then
J+(u) ∩ TxX = {gradF u(x)}.
Moreover, the set φεF (J+(u)) for ε > 0 is locally a Lipschitz graph over its
projection via pi in X.
We have two corollaries from Lemma 2.9.
Corollary 2.10. If u ∈ H+(ξ), then J+(u) ⊂ R+(ξ). Moreover,
R+(ξ) =
⋃{J+(u) : u ∈ H+(ξ)}.
Proof. Let v ∈ J+(u) and t > 0. By property (2) in Lemma 2.8, there exists
a ray c : [0,∞)→ X with c˙ ∈ J+(u) and c(0) = cv(t), c(∞) = ξ. By Lemma
2.9 we find c˙(0) = c˙v(t), i.e. also cv(∞) = c(∞) = ξ and J+(u) ⊂ R+(ξ).
For the second claim, let v ∈ R+(ξ) and xn := cv(n). The corresponding
horofunction (called the Busemann function of cv) belongs to H+(ξ) and
one can easily see that u ◦ cv(t)−u ◦ cv(0) = t for t ≥ 0 by minimality of cv,
i.e. v ∈ J+(u). 
Corollary 2.11. If u, u′ ∈ H+ with J+(u) = J+(u′), then u = u′.
Proof. Let U ⊂ X be the set where both u, u′ are differentiable. U has full
measure by Rademacher’s Theorem (horofunctions are Lipschitz). Lemma
2.9 and J+(u) = J+(u′) show du(x) = du′(x) for all x ∈ U . Hence u− u′ is
constant, while u(o) = 0 = u′(o). 
The assumption dimX = 2 can be used to find special horofunctions in
H+(ξ), as seen in the next Lemma. For its proof we refer to Appendix A
of [Sch14b].
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Lemma 2.12 (bounding horofunctions). For fixed ξ ∈ S1, there exist two
unique u0, u1 ∈ H+(ξ) with the following property: for all sequences un ∈
H+(ξn) with ξn → ξ and ξn 6= ξ, any C0loc limit lies in {u0, u1}. More
precisely, assuming the counterclockwise orientation of S1, we have
lim
n→∞un =
{
u0 : if ξn < ξ ∀n
u1 : if ξn > ξ ∀n
.
We will use Lemma 2.12 in order to obtain “recurrent horofunctions”.
Namely, for τ ∈ Γ and u ∈ H+(ξ) define
(τu)(x) := u ◦ τ−1(x)− u ◦ τ−1(o).
Then τu is the horofunction with
J+(τu) = {dτ(v) : v ∈ J+(u)},
and in particular τu ∈ H+(τξ). Now, if {τk} ⊂ Γ is a sequence of deck trans-
formations, such that τkξ → ξ and ξ < τkξ for all k in the counterclockwise
orientation of S1, then Lemma 2.12 shows
τku1 → u1 in C0loc.
3. The proof of the Main Theorem
We define the following numbers, characterizing the “width” of asymp-
totic directions in X.
Definition 3.1. For ξ ∈ S1 and γ ∈ G set
w±(ξ) := sup
{
lim inf
t→±∞ dg(cv(R), cw(t)) : v, w ∈ R±(ξ)
}
,
w0(γ) := sup
{
inf
t∈R
dg(cv(R), cw(t)) : v, w ∈M(γ)
}
.
Remark 3.2. It is easy to see that, if γ ∈ G and if c0γ , c1γ are the two
bounding geodesics of M(γ) given by Lemma 2.7, then
w0(γ) = inf
t∈R
dg(c
0
γ(R), c1γ(t)).
In order to make use of the width, we have to connect the behavior of
w+ and w0 to the group Γ. In the following definition we “lift” several
dynamical notions of g-geodesics in the compact quotient M to the covering
X, expressing them in terms of G and Γ.
Definition 3.3. A g-geodesic γ ∈ G is called an axis, if there exists some
τ ∈ Γ− {id} with τγ = γ.
A sequence {γk} ⊂ G converges to γ ∈ G, if for the pairs of endpoints
γk(−∞)→ γ(−∞) and γk(∞)→ γ(∞) in S1.
A sequence {τk} ⊂ Γ is positive for γ ∈ G, if there exists a sequence
{xk} ⊂ γ with xk → γ(∞) ∈ S1 (with respect to the topology of C ⊃ X) and
a compact set K ⊂ X, such that τkxk ∈ K for all k.
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A g-geodesic γ ∈ G is forward recurrent, if there exists a positive sequence
{τk} ⊂ Γ with τkγ → γ.
A subset G ⊂ G is minimal, if it is closed under the above notion of
convergence and Γ-invariant, i.e. τγ ∈ G for all τ ∈ Γ and γ ∈ G, and if G
contains no non-trivial, closed and Γ-invariant subsets.
A minimal set G ⊂ G is periodic, if G consists of all Γ-translates of a
single axis γ ∈ G.
Intuitively, a sequence {τk} is positive for γ ∈ G, if {τkγ} describes the
behavior of γ(t) in the compact quotient M , as t → ∞. Note that, if G0
is a minimal closed and φtg-invariant subset of the g-unit tangent bundle of
M , then the set of g-geodesics G ⊂ G, which project into G0, is minimal in
the sense of Definition 3.3. Also observe that, if G is minimal, then for all
γ ∈ G there exists a positive (and a negative) sequence {τk} ⊂ Γ for γ with
{τkγ} = G. In particular, every γ ∈ G is bi-recurrent.
Lemma 3.4 (upper semi-continuity of width). Let γ, γ′ ∈ G and {τk} ⊂ Γ
be a positive sequence for γ, such that τkγ → γ′. Then w+(γ(∞)) ≤ w0(γ′).
The proof of Lemma 3.4 can be found in [Sch14b], Lemma 4.5. In partic-
ular, since w0(γ) is bounded for all γ ∈ G by a global constant D(F, g) by
the Morse Lemma, we obtain finiteness of all widths w+(ξ) of ξ ∈ S1.
Corollary 3.5. If γ is forward recurrent, then w+(γ(∞)) = w0(γ). If
G ⊂ G is minimal, then
w±|G = w0|G =: w(G) = const. .
To prove Main Theorem 1.3, we need to show that
w+(ξ) = 0 ∀ξ ∈ S1 − Fix(Γ).
Take some ξ ∈ S1 − Fix(Γ) and any γ ∈ G with γ(∞) = ξ. In the compact
g-unit tangent bundle of M , the ω-limit set of γ contains a minimal closed
and φtg-invariant set. Let G ⊂ G be the minimal set of g-geodesics projecting
into this minimal set. Lemma 3.4 and Corollary 3.5 show that
w+(ξ) = w+(γ(∞)) ≤ w(G),
so in order to prove Main Theorem 1.3, we will prove
w(G) = 0 ∀ minimal, non-periodic G ⊂ G.(1)
We will have to study the way that g-geodesics γ ∈ G approximate other
g-geodesics γ′ ∈ G. For this, we use two lemmata, which can be found as
Lemmata 4.6 and 4.7 in [Sch14b].
Lemma 3.6. Let γ, γ′ ∈ G and {τk} ⊂ Γ with τkγ → γ′, such that in X we
have τkγ ∩ γ′ = ∅ ∀k. Then w0(γ) = 0.
Lemma 3.7. Let γ, γ′ ∈ G and {τk} ⊂ Γ with τkγ → γ′, such that γ′ is an
axis and τkγ 6= γ′ ∀k. Then w0(γ) = 0.
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Arguing by contradiction, we assume that for some fixed minimal and
non-periodic set G ⊂ G we have
w(G) > 0.
In the following, we will use the following notion of convergence of minimal
geodesics: A sequence of minimal geodesics ck : R → X converges to a
minimal geodesic c : R → X, if there exists a sequence {Tk} ⊂ R with
c˙k(Tk)→ c˙(0).
Lemma 3.8. If there exists a non-periodic, minimal set G ⊂ G with w(G) >
0, then there exists a bi-recurrent γ ∈ G, i ∈ {0, 1} and a backward ray c :
(−∞, 0]→ X with c(−∞) = γ(−∞), c(0) ∈ ciγ(R) and for {j} = {0, 1}−{i}
lim inf
t→−∞ dg(c
j
γ(R), c(t)) = 0, lim inf
t→−∞ dg(c
i
γ(R), c(t)) = w0(γ).
Figure 2. The objects in the proof of Lemma 3.8.
Proof. As a consequence of Lemma 3.7, the set G contains no axes. Lemma
3.6 then shows that, if γ, γ′ ∈ G and {τk} ⊂ Γ positive for γ with τkγ → γ′,
then we have w.l.o.g.
τkγ ∩ γ′ 6= ∅ ∀k.
Figure 2 depicts the following arguments. We can after passing to a sub-
sequence assume that γk(±∞) > γ′(±∞) for all k in the counterclockwise
orientation of S1, the other case being analogous. We find a point of intersec-
tion xk of the two minimal geodesics c
1
γ′(R), τkc
0
γ(R) and choose a sequence
{τ ′k} ⊂ Γ, such that (after passing to subsequences) τ ′kγ′ → γ′′ ∈ G and
such that {τ ′kxk} converges to some x ∈ X. Let yk be a point of intersection
of c0γ′(R), τkc
0
γ(R), then dg(xk, yk) → ∞ (any limit of {τkc0γ} lies in M(γ′)
and hence left of c0γ′). For k → ∞, the sequence {τ ′kτkc0γ} has a conver-
gent subsequence with a limit minimal geodesic c : R→ X, now connecting
limk τ
′
kyk = γ
′′(−∞) to limk τ ′kxk = x.
We claim that the minimal geodesic c(t) has to leave the strip between
ciγ′′ to the left, as t→ +∞. To see this, observe that at each xk, left of c1γ′ ,
there is a strip S+k of width w(G) in the positive end of the strip between
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τkc
i
γ , which will under {τ ′k} converge to a strip of width w(G) left of c1γ′′
starting at x. Since w+(γ
′′(∞)) = w(G) < 2w(G) by w(G) > 0, the limit of
the strips τ ′kS
+
k cannot have asymptotic direction γ
′′(∞).
Hence, we can assume that c(0) ∈ c1γ′′(R). Moreover, the strips S−k be-
tween τkc
i
γ left of xk will, under application of {τ ′k}, converge to a strip in
the negative end of the strip between ciγ′′ (by τ
′
kyk → γ′′(−∞) it has to lie
in bounded distance of γ′′ and by the same reasoning as above it cannot lie
outside of the strip between ciγ′′). Hence, we have
lim inf
t→−∞ dg(c
0
γ′′(R), c(t)) = 0, lim inft→−∞ dg(c
1
γ′′(R), c(t)) = w(G) = w0(γ
′′).
The g-geodesic γ′′ ∈ G is the γ from the statement of the lemma. Bi-
recurrence of γ′′ follows from the minimality of G. 
For simplicity, we turn the picture around, replacing negative recurrence
etc. by forward recurrence etc. (formally by considering the Finsler metric
v 7→ F (−v)).
Definition 3.9. Two rays c0, c1 : [0,∞) → X with ci(∞) = ξ are fully
separated at +∞, if
lim inf
t→∞ dg(c0[0,∞), c1(t)) = w+(ξ).
Analogously we explain when two rays in R−(γ(−∞)) is fully separated from
each other at −∞.
In view of Lemma 3.8, the proof of the following theorem will finish the
proof of Main Theorem 1.3.
Theorem 3.10. If γ ∈ G is bi-recurrent with w0(γ) > 0 and if c∗ is any
of the bounding geodesics c0γ , c
1
γ of M(γ), then there cannot exist a ray c in
R+(γ(∞)) initiating from c∗(R) and being fully separated from c∗ at +∞.
We fix in the following the bi-recurrent g-geodesic γ ∈ G and a positive
sequence {τk} ⊂ Γ for γ with τkγ → γ. Let us moreover assume (using
Corollary 3.5)
w0(γ) = w+(γ(∞)) = w−(γ(−∞)) > 0.
We prove three lemmata before turning to the proof of Theorem 3.10.
Lemma 3.11. Let ξ ∈ S1 and u ∈ H+(ξ). Then for all v ∈ R+(ξ) the
function
t ∈ [0,∞) 7→ t− u ◦ cv(t)
is bounded and monotonically increasing.
Proof. We let c, c0 : [0,∞)→ X be two rays with c˙, c˙0 ∈ R+(ξ). Recall that
by property (1) in Lemma 2.8 and u ∈ H+, we have for a ≤ b
a− u ◦ c(a) ≤ b− u ◦ c(b),
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hence the lower bound by −u ◦ c(0) and monotonicity are trivial. By the
Morse Lemma, we find
B := sup
t≥0
dg(c0[0,∞), c(t)) <∞,
and hence for all t ≥ 0 we find some s ∈ R with dg(c0(s), c(t)) ≤ B. We first
assume that s ≤ t, then by minimality of c, c0 and the triangle inequality
t = dF (c(0), c(t))
≤ dF (c(0), c0(0)) + dF (c0(0), c0(s)) + dF (c0(s), c(t))
≤ dF (c(0), c0(0) + s+ cF ·B.
If t ≤ s, then similarly
s = dF (c0(0), c0(s))
≤ dF (c0(0), c(0)) + dF (c(0), c(t)) + dF (c(t), c0(s))
≤ dF (c0(0), c(0)) + t+ cF ·B.
In any case, |t−s| is bounded from above by dF (c(0), c0(0)+cFB and hence
1
cF
· dg(c0(t), c(t)) ≤ dF (c0(t), c(t))
≤ dF (c0(t), c0(s)) + dF (c0(s), c(t))
≤ |t− s|+ cF ·B
≤ dF (c(0), c0(0) + 2 · cF ·B =: C.
The fact that u is Lipschitz with respect to dg with Lipschitz constant cF
shows
|u ◦ c(t)− u ◦ c0(t)| ≤ cF · dg(c0(t), c(t)) ≤ c2F · C.
Assume now that c˙0 ∈ J+(u), then by definition u ◦ c0(t)− t ≡ u ◦ c0(0) and
hence
|u ◦ c(t)− t| ≤ |u ◦ c(t)− u ◦ c0(t)|+ |u ◦ c0(t)− t| ≤ c2F · C + |u ◦ c0(0)|.

The next lemma shows that, given the “homotopy information” {τk}, that
leads to forward recurrence of γ, we can also find forward recurrent motions
in M(γ) with the same “homotopy information”.
Lemma 3.12. There exists a pair of minimal geodesics c0, c1 in M(γ) and
sequences T 0k , T
1
k →∞, such that c˙0(0) is a limit point of {dτk(c˙0(T 0k ))}k and
c˙1(0) is a limit point of {dτk(c˙1(T 1k ))}k, while c0 and c1 are fully separated
at −∞ and at +∞.
Note that it will now be enough to prove Theorem 3.10 for c∗ ∈ {c0, c1}
given by Lemma 3.12, since any ray initiating from one of the bounding
geodesics will cross the corresponding ci by full separation.
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Proof. Let us say that a subset A ⊂M(γ) is {τk}-invariant, if for all v in A
any limit geodesic of {τkcv} belongs again to A. It follows from w0(γ) > 0,
that the following two subsets are {τk}-invariant:
A0 :=
{
v ∈M(γ) : inf
t∈R
dg(c
1
γ(R), cv(t)) ≥ w0(γ)
}
,
A1 :=
{
v ∈M(γ) : inf
t∈R
dg(c
0
γ(R), cv(t)) ≥ w0(γ)
}
.
Obviously, both sets A0, A1 are closed sets and any pair of minimal geodesics
c0 ∈ A0, c1 ∈ A1 is fully separated at ±∞. Moreover, the bounding geodesics
ciγ lie in Ai, i.e. Ai 6= ∅. By full separation, one can also easily show that
both sets Ai define a lamination of X (any two geodesics from A0, say, come
close at ±∞, then use Lemma 2.4).
We will argue for the set A0, the case of A1 being the same. We wish to
find a “minimal subset” Aˆ0 of A0. For this, let A0 be the collection of non-
empty, closed, {τk}-invariant subsets of A0, then A0 6= ∅ by A0 ∈ A0 and A0
is partially ordered by ⊂. Moreover, any linearly ordered subset of A0 has
the intersection of its members as a ⊂-smallest element (the intersection is
non-empty by Cantor’s Intersection Theorem, if we think of the lamination
A0 as a set of points in some compact, transverse interval). Hence, Zorn’s
Lemma shows the existence of the desired Aˆ0, which has thus the property
of not containing any non-trivial, closed, {τk}-invariant subsets.
Since A0 defines a lamination of X and Aˆ0 is closed, there exists an
uppermost minimal geodesic c0 in Aˆ0, and we claim that c0 is {τk}-recurrent.
Namely, let cˆ0 be the uppermost limit geodesic of {τkc0}, then cˆ0 belongs
to Aˆ0, so does not lie above c0. But by minimality of Aˆ0, the subset of Aˆ0
consisting of all the {τk}-limit geodesics of Aˆ0 equals Aˆ0 and hence c0 is the
limit of some c in Aˆ0. By the preservation of the ordering in the foliation
in A0 under {τk}-limits, c0 is also the limit of itself: the limiting process of
τkc→ c0 pushes also the limiting process of τkc0 → cˆ0 up to c0. 
Let c∗ : R → X be one of the minimal geodesics and {T ∗k } be the corre-
sponding sequence given by Lemma 3.12. We replace {τk} by a subsequence
in order to obtain dτk(c˙∗(T ∗k ))→ c˙∗(0). Moreover, we let c : [0,∞)→ X be
a ray with c(∞) = c∗(∞), such that c, c∗ are fully separated at +∞. The
idea behind the following lemma is that c has limits, which have the same
average displacement along the “homotopy path” {τk} as c∗.
Lemma 3.13. With the above notation, there exists a sequence Sk → ∞,
such that
lim inf
k→∞
dg(c(Sk), τkc(T
∗
k + Sk)) = 0.
Proof. Let c1 inM(γ) be a limit geodesic of {τkc} and after taking a further
subsequence, we may assume τkc → c1. Since c is fully separated from c∗,
so will be c1, such that
lim inf
S→∞
dg(c1(R), c(S)) = 0.
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We fix ε > 0 and let S ≥ 0, such that dg(c1(R), c(S)) ≤ ε. Since τkc → c1,
we then find some k0 ∈ N, such that (using positivity of {τk} for c∗)
∃Tk →∞ : dg(c(S), τkc(Tk + S)) ≤ 2ε ∀k ≥ k0.(2)
Moreover, by Lemma 3.11, we may also assume that S is large enough, such
that ∣∣[(S + T )− u ◦ c(S + T )]− [S − u ◦ c(S)]∣∣ ≤ ε ∀T ≥ 0.
and hence
|Tk − u ◦ c(S + Tk) + u ◦ c(S)| ≤ ε.(3)
We let u = lim τku ∈ H+(c∗(∞)) (cf. the discussion after Lemma 2.12 for
the existence of such u). Let us see that
T = u ◦ c∗(T )− u ◦ c∗(0) ∀T ≥ 0.(4)
Indeed, by τku→ u and τkc∗(.+ T ∗k )→ c∗ (both in C0loc) we find
T − u ◦ c∗|T0 = lim
k→∞
T − (τku) ◦ τkc∗(.+ T ∗k )|T0
= lim
k→∞
T − u ◦ τ−1k ◦ τkc∗(.+ T ∗k )|T0
= lim
k→∞
T − u ◦ c∗(.+ T ∗k )|T0
= 0
by Lemma 3.11. Now observe, that for k sufficiently large we have
|Tk − T ∗k |
≤ |Tk − u ◦ c(S + Tk) + u ◦ c(S)|+ |u ◦ c(S + Tk)− u ◦ c(S)− T ∗k |
(3),(4)
≤ ε+ |u ◦ c(S + Tk)− u ◦ c(S)− u ◦ c∗(T ∗k ) + u ◦ c∗(0)|
≤ ε+ |u ◦ c(S + Tk)− u ◦ τ−1k c(S)|
+ |u ◦ τ−1k c(S)− u ◦ c(S)− u ◦ τ−1k c∗(0) + u ◦ c∗(0)|
+ |u ◦ τ−1k c∗(0)− u ◦ c∗(T ∗k )|
≤ ε+ cF · dg(c(S + Tk), τ−1k c(S))
+ |(τku) ◦ c(S)− u ◦ c(S)− (τku) ◦ c∗(0) + u ◦ c∗(0)|
+ cF · dg(τ−1k c∗(0), c∗(T ∗k ))
(2)
≤ ε+ cF · 2ε
+ |(τku) ◦ c(S)− u ◦ c(S)|+ |(τku) ◦ c∗(0)− u ◦ c∗(0)|
+ cF · dg(c∗(0), τkc∗(T ∗k )).
By τku→ u and τkc∗(.+ T ∗k )→ c∗, we find for large k, that
|Tk − T ∗k | ≤ 2ε(1 + cF ),
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so that (2) and the triangle inequality show
dg(c(S), τkc(T
∗
k + S))
≤ dg(c(S), τkc(Tk + S)) + dg(τkc(Tk + S), τkc(T ∗k + S))
≤ 2ε+ |Tk − T ∗k |
≤ 2ε+ 2ε(1 + cF )
for k sufficiently large and S as chosen above. 
Figure 3. The argument in the Proof of Theorem 3.10.
Proof of Theorem 3.10. Let c∗ and {T ∗k } be given by Lemma 3.12, such that
after taking subsequences we have dτk(c˙(T
∗
k )) → c˙∗(0). Moreover, let as
above c : [0,∞) → X be a ray with c(0) = c∗(0) and c(∞) = c∗(∞).
Assuming c to be fully separated from c∗ at +∞, in particular c˙(0) 6= c˙∗(0),
we have to arrive at a contradiction. We saw in Lemma 3.13, that we find
a sequence Sk → ∞ with lim infk→∞ dg(c(Sk), τkc(T ∗k + Sk)) = 0 and after
passing to another subsequence, we suppose
dF (c(Sk), τkc(T
∗
k + Sk))→ 0, k →∞.(5)
By c˙(0) 6= c˙∗(0) we find a small δ > 0 and, depending on the angle between
c˙∗(0) and c˙(0), some ε > 0 with
dF (c∗(−δ), c(δ)) ≤ 2δ − ε.
By dτk(c˙∗(T ∗k ))→ c˙∗(0) we then obtain for large k, that
dF (τkc∗(T ∗k − δ), c(δ)) ≤ 2δ − ε/2.(6)
We find by minimality of τkc and c∗(0) = c(0), that for sufficiently large k
T ∗k + Sk = dF (τkc(0), τkc(Sk + T
∗
k ))
≤ dF (τkc∗(0), τkc∗(T ∗k − δ)) + dF (τkc∗(T ∗k − δ), c(δ))
+ dF (c(δ), c(Sk)) + dF (c(Sk), τkc(Sk + T
∗
k ))
(5),(6)
≤ dF (τkc∗(0), τkc∗(T ∗k − δ)) + 2δ − ε/2
+ dF (c(δ), c(Sk)) + ε/4
= T ∗k + Sk − ε/4.
This is a contradiction. 
MINIMAL RAYS ON SURFACES – PART II 19
3.1. The proofs of the corollaries.
Proof of Corollary 1.5. The fact that rays with common endpoint ξ /∈ Fix(Γ)
can intersect only in a common initial point can be deduced directly from
w+(ξ) = 0 and Lemma 2.4. 
Proof of Corollary 1.7. Use the arguments in the proof of Lemma 4.5 in
[GKOS14]. 
Proof of Corollary 1.8. Let ξ /∈ Fix(Γ) and u ∈ H+(ξ). If v ∈ R+(ξ) and
ε > 0, then by Corollary 1.5, the ray cv : [ε,∞) → X belongs to J+(u).
The closedness of J+(u) shows v ∈ J+(u), i.e. R+(ξ) ⊂ J+(u) and using
Corollary 2.10 we have R+(ξ) = J+(u) for all u ∈ H+(ξ). Hence Corollary
2.11 shows the uniqueness of the horofunction u ∈ H+(ξ). 
Proof of Corollary 1.9. The fact that φεFR+(ξ) with ξ /∈ Fix(Γ) and ε > 0
is locally a Lipschitz graph follows directly from Lemma 2.9 and R+(ξ) =
J+(u) in Corollary 1.8. 
Proof of Corollary 1.10. Let ξ /∈ Fix(Γ) and, using the bounding geodesics
of M(γ) from Lemma 2.7, set
L :=
⋃
{ciγ(R) : γ ∈ G, γ(∞) = ξ, i = 0, 1},
A := {C ⊂ X : C connected component of X − L}.
L defines a closed lamination of X by Corollary 1.5 (for closedness recall
the construction of the ciγ) and, moreover, for any γ ∈ G with γ(∞) = ξ
and c0γ(R) 6= c1γ(R), the (connected) strip Cγ ⊂ X − L between the ciγ(R)
is an element of A. The claim follows, since A is countable: X is the union
of countably many compact sets Kn, and each Kn can contain at most
countably many disjoint open sets.
For ξ ∈ Fix(Γ), the set L above also defines a lamination of X, which
can be seen directly from Theorem 1.2 and Lemma 2.4. Hence, the above
reasoning applies to all ξ ∈ S1. 
Proof of Corollary 1.11. Fixing ξ ∈ S1, consider the lamination L of X as
in the proof of Corollary 1.10. If x ∈ L, then x lies on some ciγ , which
determines γ uniquely. If x ∈ X − L, then x lies in some open strip Cγ , i.e.
between c0γ and c
1
γ , again determining γ uniquely. 
Proof of Corollary 1.13. Let ξ ∈ Fix(Γ). Observe that, if Mper(γ) contains
only one minimal geodesic, then by Theorem 1.2, all rays in R+(ξ) are in
fact asymptotic. Hence, Main Theorem 1.3 holds for ξ ∈ Fix(Γ) and so do
its corollaries. 
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